Network epidemiology has mainly focused on large-scale complex networks. It is unclear 19 whether findings of these investigations also apply to networks of small size. This 20 knowledge gap is of relevance for many biological applications, including meta-21 communities, plant-pollinator interactions and the spread of the oomycete pathogen 22
to control the network of plant nurseries and retail outlets trading ornamental species 88 susceptible to P. ramorum in an effective and efficient way. 89
In this study, we investigated whether heterogeneity in the contact structure and the 90 presence of short-cuts as in small-world networks still make a difference to epidemic 91 development in small-size, directed networks. Directed networks, given the more 92 complicated adjacency matrices, have been used to model epidemics relatively rarely 93 but are relevant to many real-world situations with asymmetries in contact structures, and 95 deserve more study for various network sizes, structures and levels of connectance. We 96 have shown elsewhere ) that heterogeneity in the contact 97 structure still affects the epidemic threshold even in the case of networks of one hundred 98 nodes, but inquire here whether variations in the epidemic threshold (the boundary 99 between no epidemic and an epidemic) for different network structures and at different 100 levels of connectance can be explained by the correlation coefficient between links to and 101 from nodes and by the clustering coefficient of the network. Previous work in percolation 102 theory suggests that the correlation coefficient between links to and from nodes isdetection and control measures. We also set p p to be the same for all nodes. Both p t and p p 163 are real variables, going from 0 to 1. This can be a realistic assumption for many ecological 164 networks, wherever persistence and transmission are not either switched on or off, but can 165 assume any value between these two extremes. We assumed all nodes to be of equal 166 capacity and kind (differences between nodes are thus entirely due to their in-and out-167 degree). At each iteration, the contact structure of the network realization was maintained 168 exactly the same. Networks were not necessarily fully connected, so it is possible that at the 169 lower levels of connectance not all nodes could be reached from all nodes. 170
For each iteration, we obtained the infection status of a given node P i (x) in the following 171 way: 172
for y going from 1 to 100, where p t refers to the connection of the node x from a node y, and 174
is the infection status of the node y at the previous iteration. At the beginning of the 175 epidemic P i (x) was set to zero for all nodes except for the starting node of the epidemic, 176
with P (i) = 1. For the connection of a node with itself, p p was used instead of p t . The 177 biological motivation for self-loops is that nodes which have become infected by a 178 pathogen have a certain probability to remain infected due to the persistence of inoculum The development of the epidemic was assessed on the basis of the sum of P i (x) across all 185 nodes and on the basis of the number of nodes with P i (x) higher than an arbitrary value 186 (0.01). The epidemic was started with a single infection of a single node, as the threshold 187 conditions were not affected by whether epidemics are started with a single or with 188 multiple infections (unpublished observations). Also, results were consistent using a 189 different starting probability of infection. Although the starting node had a marked 190 m a n u s c r i p t The clustering coefficient C i of a node i which is part of a digraph characterizes the extent 196 to which nodes adjacent to any node i are adjacent to each other. More precisely, 197 198 where Card (X) symbolyses the cardinality of the set X, i.e. the number of elements of X. between in-and out-degree of the 100 nodes of the network replicates for the different 205 levels of connectance (within a network structure) and for the different types of network 206 structure (at a given level of connectance) was carried out in SAS 9.1 (proc ANOVA). The 207 same package (proc GLM) was used for multi-variate regressions of the threshold p* t 208 against the correlation coefficient between in-and out-degree and the average clustering 209 coefficient of the 100/500 nodes of the network replicate for a given network structure and 210 level of connectance. 211
Results

212
The threshold p* t significantly decreased with increasing connectance for all structures and 213 with both network sizes (Fig. 1a, b) . With the exception of the lowest connectance level for 214 both network sizes, two-way scale-free networks showed a significantly lower and onem a n u s c r i p t 6/19/2009 9 threshold than local networks, but not at the highest connectance (Fig 1c) . This result was 218 not confirmed at the larger network size, where random networks had an epidemic 219 threshold not significantly different than the one of local networks (Fig. 1d) . Small-world 220 networks showed a threshold not significantly different from random networks (except at 221 the lowest connectance for both network sizes). The threshold of uncorrelated scale-free 222 networks, at all connectance levels and for both network sizes, lay between those for two-223 way and one-way scale-free networks (Fig. 1c, d) . 224
The correlation coefficient between in-and out-degree of the nodes of the networks was, by 225 definition, positive for two-way scale-free networks, not significantly different from zero 226 for uncorrelated scale-free networks (except, by chance, at some levels of connectance; Fig.  227 1e, f), and negative for one-way scale-free networks. This coefficient was also clustered 228 around zero for local, small-world and random networks. There was a significant increase 229 in the correlation coefficient between in-and out-degree for two-way scale-free networks 230 with increasing connectance for both network sizes (Fig. 1g, h) . 231
With the exception of the lowest connectance, there were generally significantly negative 232 relationships between threshold p* t and the correlation coefficient between in-and out-233 degree for all structures and with both network sizes ( Fig. 2 ; Tables 2, 3). At the lowest 234 level of connectance, these relationships were significant only for small-world and two-235 way scale-free networks for the network size of 100 nodes. The proportion of variance in 236 threshold p* t explained by the correlation between the in-and the out-degree increased 237 with connectance for all structures and for both network sizes, but with exception of two-238 way scale-free networks. Apart from one-way scale-free networks for 500 nodes and two-239 way scale-free networks for both network sizes, at the highest connectance these 240
proportions of variance were substantial (between 0.84 and 0.93 for 100 nodes, and 241 between 0.56 and 0.95 for 500 nodes). However, apart from one-way scale-free networks at 242 the network size of 100 nodes, the slopes of these relationships tended to become flatter 243 with increasing connectance (Tables 2, 3 ). This is a consequence of the overall lower 244 threshold p* t at higher connectance (Fig. 2) . 245 m a n u s c r i p t 6/19/2009 10 threshold p* t against the correlation coefficient between links to and from nodes did not 247 affect the previous results. The clustering increased with increasing level of connectance for 248 all structures and for both network sizes (Figs. 3, 4) . By definition, at a given connectance, 249 the clustering was higher in local than in small-world networks, and in small-world 250 compared to random networks (Figs. 3, 4) . The clustering also decreased from two-way to 251 uncorrelated and to one-way scale-free networks (Figs. 3, 4) . For both network sizes, the 252 clustering was significantly negatively related to the threshold p t at the lowest level of 253 connectance for local and small-world networks, and at all levels of connectance for two 254 way scale-free networks ( Fig. 3; Tables 2, 3) . 255
For both network sizes, the relationship of the correlation coefficient between links to and 256 from nodes with the clustering was significantly positive for all scale-free networks (except 257 at the lowest level of connectance; Fig. 4 ; Tables 4, 5). However, the proportion of variance 258 in the correlation coefficient between in-and out-degree explained by the clustering was 259 substantial for uncorrelated and one-way, but not for two-way scale-free networks. For 260 both network sizes, there was also a significantly positive correlation between these two 261 variables for random networks at the two highest connectance levels (Tables 4, 5 Our analysis shows that in SIS models of epidemics in directed networks of small size, the 274 threshold is lower for scale-free network structures only if there is a positive correlation 275 between in-and out-degree of nodes (Fig. 2) . This finding is in good agreement with results 276 obtained in percolation theory for large-size networks (Schwartz et al., 2002) . Our work 277 further shows that when this correlation between in-and out-degree of nodes is negative 278 (one-way scale-free networks), for small-size networks the epidemic threshold is higher 279 than in non scale-free networks. This result is broadly independent of the connectance level 280
and of the network size, although it breaks down in case of sparsely connected networks. 281
For sparsely connected networks, differences in clustering amongst networks can become 282 important. 283
Clustering has been shown to be a network feature relevant to the development and In the case of our small-size networks, the influence of clustering on the epidemic 295 threshold is dwarfed by the one of the correlation coefficient between in-and out-degree. 296
The negative correlation between epidemic threshold and clustering for uncorrelated and 297 one-way scale-free networks at the highest levels of connectance (Fig. 3) can be explained 298 by the positive correlation of the correlation coefficient between in-and out-degree with 299 the clustering in the same networks (Fig. 4) . Unlike Eames (2008) for undirected networks, 300
we do not observe any differences in the influence of clustering on epidemic development 301 depending on whether contacts are regular or random. In our small-size, directed 302 m a n u s c r i p t 6/19/2009 12 networks, with the exception of sparsely connected local networks, clustering has no 303 influence on the epidemic threshold within both local and random networks (Fig. 3) . 304
Our main conclusion is that, in directed networks, analyses of the influence of clustering on 305 the epidemic threshold can be spurious if they do not consider simultaneously the effect of 306 the correlation coefficient between in-and out-degree. In some cases (sparsely connected 307 local, small-world and two-way scale free networks), we observe a negative correlation 308 between epidemic threshold and clustering and no significant effect of the correlation 309 coefficient between in-and out-degree on the threshold, suggesting that in extreme 310 situations the correlation coefficient between in-and out-degree may not play the same 311 role as for large-scale networks. We also point out that analyses which show that clustering 312 is negatively related to the epidemic threshold (e.g. Britton et al., 2008) clustering with the correlation coefficient between in-and out-degree for all scale-free 326 network types (except at the lowest connectance level), only for uncorrelated and one-way 327 scale-free networks has this correlation a substantial r 2 (for 500 nodes: between 0.54 and 328 0.79, Table 5 ). For two-way scale-free networks, the correlation between clustering and 329 correlation coefficient between links in and out of nodes is significant but negligible (again 330 for 500 nodes, r 2 values are between 0.01 and 0.08, Table 5 ). Further work is needed to 331 Our results are essentially independent of the network size used (100 and 500 nodes). We 334 have avoided using a lower number of nodes than 100 as it is likely that differences 335 between network structures will tend to become blurred for even smaller networks. 336
However, an interesting question would be at which small size heterogeneity in the contact 337 structure stops having a significant influence on network properties and epidemic 338 processes. A remarkable result is also that network breakdown at the lowest connectance 339 level (which causes for example the disappearance of a significant relationship between 340 epidemic threshold and correlation coefficient between in-and out-degree) happens at two 341 different connectance levels (0.01 for 100 nodes and 0.002 for 500 nodes, Table 1 ) for the 342 two network sizes. More research is needed to assess which other processes are not 343 independent of the interaction between network size and connectance. 344
In conclusion, our study confirms the result obtained for large-size networks that 345 regardless of the size of the network, the epidemic threshold is negatively related to the 346 correlation coefficient between in-and out-degree for all structures. However, this does not 347 hold if small-size networks are sparsely connected. In this case, clustering plays a 348 significant role (Table 2 ). In small-size networks, when the correlation between links in and 349 out is negative (one-way scale-free networks), the epidemic threshold can be higher than in Table 2 . Proportion of variance explained, slope and associated p value of the regression of 508 threshold probability of transmission as a function of (a) the correlation coefficient between 509 in-and out-degree and (b) the clustering for the 100 replicates of the six network structures 510 (local, random, small-world, two-way, uncorrelated, and one-way scale-free) at four levels 511 of connectance (100, 200, 400 and 1000 links; network size = 100 nodes Table 3 . Proportion of variance explained, slope and associated p value of the regression of 514 threshold probability of transmission as a function of (a) the correlation coefficient between 515 in-and out-degree and (b) the clustering for the 100 replicates of the six network structures 516 (local, random, small-world, two-way, uncorrelated, and one-way scale-free) at four levels 517 of connectance (500, 2500, 5000 and 10,000 links; network size = 500 nodes and (d) 1000) and 500 nodes (number of links = (e) 500, (f) 2500, (g) 5000, and (h) 10000). 544 
